Type-II Weyl semimetals have recently attracted intensive research interest because they host Lorentz-violating Weyl fermions as quasiparticles. The discovery of type-II Weyl semimetals evokes the study of type-II line-node semimetals (LNSMs) whose linear dispersion is strongly tilted near the nodal ring. We present here a study on the circularly polarized light-induced Floquet states in type-II LNSMs, as well as those in hybrid LNSMs that have a partially overtilted linear dispersion in the vicinity of the nodal ring. We illustrate that two distinct types of Floquet Weyl semimetal (WSM) states can be induced in periodically driven type-II and hybrid LNSMs, and the type of Floquet WSMs can be tuned by the direction and intensity of the incident light. We construct phase diagrams of light-irradiated type-II and hybrid LNSMs which are quite distinct from those of light-irradiated type-I LNSMs. Moreover, we show that photoinduced Floquet type-I and type-II WSMs can be characterized by the emergence of different anomalous Hall conductivities.
I. INTRODUCTION
Topological semimetals represent a new class of topological matter, which is characterized by a gapless bulk with a nontrivial band topology. A Weyl semimetal (WSM) is a kind of topological semimetal that supports Weyl fermions as low-energy excitations. According to the electronic band structures, WSMs can be divided into three distinct types: a type-I WSM that has a pointlike Fermi surface 1-4 , a type-II WSM whose Fermi surface consists of an electron pocket and a hole pocket touching at the Weyl nodes 5, 6 , and a hybrid WSM in which one Weyl node belongs to type I whereas its chiral partner belongs to type II 7 . Earlier research interests were mainly concentrated on type-I WSMs since real type-I WSM materials had been theoretically proposed 3, 4 and experimentally confirmed in inversion-symmetrybreaking TaAs-class crystals [8] [9] [10] [11] . When Lorentz invariance is broken, Weyl cones may be tipped over and transformed into type II. Recently, promising materials such as MoTe 2 and WTe 2 have been proposed to be type-II WSMs 5, [12] [13] [14] [15] [16] [17] , and experimental confirmations of MoTe 2 have been reported 18, 19 . Additionally, it was reported that we can convert TaAs and WTe 2 into hybrid WSMs by doping with magnetic ions and creating magnetic orders in them 7 . Another kind of topological semimetal is the so-called line-node semimetal (LNSM). Unlike WSMs in which the conduction band touches the valence band at discrete points in momentum space, in LNSMs the conduction band and the valence band touch along lines. In analogy to WSMs, according to the tilting degree of the band spectra around the nodal rings, LNSMs can also be classified into type-I, type-II, and hybrid categories. To date, type-I LNSMs have been intensively studied both theoretically [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] and experimentally 27, [34] [35] [36] [37] [38] [39] , however, * binzhou@hubu.edu.cn † donghuixu@hubu.edu.cn research on type-II LNSMs is just beginning [40] [41] [42] [43] [44] [45] . The very recent angle-resolved photoemission spectroscopy measurements on Mg 3 Bi 2 suggest it to be a promising candidate material for a type-II LNSM 46 . As far as we know, the hybrid LNSM, characterized by a partially overtilted linear dispersion in the vicinity of the nodal ring, has yet to be proposed and studies are lacking. Type-I LNSMs exhibit intriguing physical phenomena such as a three-dimensional (3D) quantum Hall effect 33 , 3D flat Landau levels 47 , n 1/4 dependence of the plasmon frequency on the charge concentration in the longwavelength limit 48, 49 , and a quasitopological electromagnetic response 50 . Owing to peculiar band spectra, type-II and hybrid LNSMs are expected to display more intriguing phenomena.
Application of light offers a powerful method to manipulate electronic states, and even change the band topology in solids [51] [52] [53] [54] . A typical example is the Floquet topological insulator [55] [56] [57] , which is a direct consequence of changing the band topology by means of light. Moreover, photoinduced topological states in other two-dimensional systems, such as graphene [58] [59] [60] [61] and silicene 62 , have been studied. Recently, light-driven semimetals have attracted much attention [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] . It was found that a Floquet WSM phase can be generated from a light-driven Dirac semimetal due to time-reversal symmetry breaking [63] [64] [65] [66] . Later, it was shown that circularly polarized light can drive a type-I LNSM into a WSM, accompanied by photovoltaic anomalous Hall conductivity [66] [67] [68] [69] [70] . A Floquet WSM phase with multi-Weyl points was also proposed in crossing LNSMs [71] [72] [73] . In this paper, we present a systematic study on Floquet states in periodically driven type-II [ Fig. 1 The above analytical results can be illustrated more clearly by plotting the bulk spectra in Figs. 2(a)-2(c). As shown in Fig. 2(a) , the tilt is weak, so the band touching forms a type-I nodal ring. In Fig. 2(c) , the tilt is strong enough such that both bands radiate in the same direction, and their intersection makes a type-II nodal ring. Figure 2 (b) shows the band spectrum for a hybrid LNSM, where we can see that the tilt ratio F θ is smaller than 1 near the k z axis, and the ratio F θ is greater than 1 near the k x axis.
III. FLOQUET STATES
To study the interaction of LNSMs with light, we consider a time-dependent vector potential A (t) = A (t + T ), which is a periodic function with a period of T = 2π/ω. The driven Hamiltonian H (t) is obtained by using the Peierls substitution, k → k − A(t). In this paper, we focus on the low-energy physics of LNSMs near the nodal ring. Making use of Floquet theory [78] [79] [80] in the high-frequency limit, the periodically driven system can be described by a static effective Hamiltonian as [81] [82] [83] [84] [85] [86] [87] 
where ω and A L describe the frequency and amplitude of light, and H m,n = 1 T T 0 H(t)e i(m−n)ωt dt are the discrete Fourier components of the Hamiltonian.
A. Light propagating along the x axis
When a light propagates along the x axis, A is given by A = A L (0, cos ωt, η sin ωt), where η = ±1 indicates the chiralities of the circularly polarized light. From Eq. (5), the Floquet correction is
. We obtain a term coupling the momentum k z and σ x , which gaps out the nodal ring except at two Weyl points ±k 0 = (± m 0 /m z , 0, 0) with
Linearizing the eigenvalues of Hamiltonian around k 0 , we have the energy dispersion
where
The band is tilted along the x axis, and then the tilt ratio of the Weyl points is given by
Interestingly, the type of the pair of Weyl nodes only depends on the ratio c x /m x and has nothing to do with the intensity and the frequency of the applied light. The results above show that when light traveling along the x axis gaps out the nodal ring and leaves a pair of Weyl nodes, the system enters into a WSM phase. However, the type of the Weyl nodes is independent of the intensity and the frequency of the incident light, which implies that a type-II Floquet WSM state arises by driving the type-II LNSM with light along the x axis [ Fig. 1(b 3 ) ] since c x /m x > 1 for the type-II LNSM. For the driven hybrid LNSM, the type of induced Weyl nodes depends on the specific value of c x /m x [ Fig. 1(b 2 )] , that is to say, a type-I WSM state arises if c x /m x < 1 and a type-II WSM state appears if c x /m x > 1.
The bulk band spectra of the driven hybrid LNSM with c x /m x > 1 and the driven type-II LNSM are shown in Figs. 2(e) and 2(f), respectively. It can be seen that the type-II Weyl nodes are separated along the propagation direction of the incident light, as predicted. For comparison, we also plot the band spectrum of the driven type-I LNSM [ Fig. 2(d) ] showing the type-I Weyl nodes, which were revealed in previous studies [67] [68] [69] [70] .
B. Light propagating along the y axis
When the incident light propagates along the y axis, A is given by A = A L (η sin ωt, 0, cos ωt), and it produces the following correction,
The correction term can be absorbed in the second term of Eq. (1) by renormalizing the parameter m 0
It means that the incident light propagating along the y axis only shifts the nodal rings instead of gapping them out [ Figs. 1(c 1 )-1(c 3 ) ].
C. Light propagating along the z axis
For light propagating along the z axis, we have A = A L (cos ωt, η sin ωt, 0). Then the effective Hamiltonian gains additional terms,
In this case, the light gaps out the nodal ring except at two Weyl points ±k 0 = (0, 0, ± m ′ 0 /m z ) withm
, which is similar to the case of light propagating along the x axis. Linearizing the eigenvalues of Hamiltonian around k 0 , we have the energy dispersion
Thus the tilt ratio is
We can conclude that, in the presence of light propagating along the z axis, a LNSM evolves into a WSM with a pair of Weyl nodes separated along the propagating direction. The type of Weyl nodes is only determined by the ratio c z /m z [ Figs. 1(d 1 )-1(d 3 ) ].
D. Light propagating on the x-z plane
We rotate the propagation direction of the incident light on the x-z plane with A = A L (C ψ cos ωt, η sin ωt, −S ψ cos ωt), where C ψ = cos ψ, S ψ = sin ψ, and ψ defines the incident angle off the z axis. When ψ = 0, the propagation direction is along the z axis, which is just the case in Sec. III C. When ψ = π/2, the incident direction is along the x-axis, which is the case discussed in Sec. III A. For generic ψ, the light induces the following Floquet correction,
The second term of Eq. (13) is proportional to σ x , giving rise to a pair of Weyl nodes at
Using the same procedure in Secs. III A and III C, the tilt ratio of the Weyl nodes can be expressed as
We can see that, in this case, the tilt ratio depends on the intensity, frequency, and incident angle of the light, which is quite different from previous cases in which the type of induced Weyl nodes is only determined by the parameters of the original Hamiltonian of LNSMs. This allows us to control the The phase diagrams show peculiar features for distinct types of LNSMs. When the light intensity is weak, the driven type-I LNSM [ Fig. 3(a) ] supports the type-I WSM phase near ψ = 0, π/2, and π, and the type-II WSM phase near ψ = π/4 and 3π/4. However, for the driven hybrid LNSM, the type-I WSM phase only occupies a small region near ψ = π/2 in the phase diagram, and the rest of the phase diagram is occupied by the type-II WSM phase [ Fig. 3(b) ]. This is because we choose a hybrid LNSM with c z /m z > 1 and c x /m x < 1. In contrast to the driven type-I and hybrid LNSMs, the driven type-II LNSM hosts only the type-II WSM phase at weak light intensity [ Fig. 3(c) ]. As the intensity increases, the type-I WSM phase dominates the phase diagrams for all types of driven LNSMs. Now, we discuss the possibility of an experimental realization of Floquet WSMs in periodically driven LNSMs. Let us consider the realistic parameters v y = 0.6 eVÅ, m x,y,z = 10 eVÅ 2 , and m 0 ≈ 0.3 eV for a candidate type-II LNSM material K 4 P 3 42 . We choose the photon energy to be ω ≈ 150 meV, which is close to the typical values in recent optical pump-probe experiments. The amplitude of light A L for the onset of a type-I Floquet WSM is about 0.05Å −1 , and the corresponding electric field strength E 0 = ωA L /e is 5 × 10 7 V/m, which is within experimental accessibility 51, 52 , while a type-II WSM phase in the driven system can appear even at very weak light intensity.
IV. PHOTOINDUCED ANOMALOUS HALL EFFECT
The photoinduced phase transition from LNSMs to WSMs is accompanied by an anomalous Hall effect since time-reversal breaking WSMs exhibit nonzero, nonquantized Hall conductivity 2, 88 . In this section, we study the photovoltaic anomalous Hall effect of Floquet WSM states in driven LNSMs. We will concentrate on the case in which the incident light propagates along the x axis. The Weyl nodes are located along the x-axis, thus the nontrivial component of Hall conductivity is σ AHE zy , which can be obtained by use of the Kubo formula 58,69
where f is the Fermi distribution function, v z,y (k) = [∂H (k) /∂k z,y ] / are the velocity operators along the z and y axes, δ is an infinitesimal quantity, E α (k) is the αth band of the effective Hamiltonian, and ψ α (k) is the corresponding eigenvector. The anomalous Hall conductivity is easily obtained when the Fermi energy is located at the Weyl nodes (ǫ F = 0) and the temperature is zero. For ideal type-I WSMs, the anomalous Hall conductivity is σ AHE type-I = e 2 Q/(hπ) 21, 89 , where 2Q is the distance between the Weyl nodes in momentum space. For type-II WSMs, due to the strong tilt of the Weyl nodes, the anomalous Hall conductivity is found to be related to the tilt ratio 90 . For arbitrary Fermi energy ǫ F and temperature T , the anomalous Hall conductivity can be numerically calculated by using Eq. (16) . As shown in Fig. 4 , we calculate the anomalous Hall conductivity in photoinduced Floquet type-I and type-II WSMs, which correspond to the case shown in Figs Floquet type-I WSM at low temperatures [ Fig. 4(a) ], the anomalous Hall conductivity reaches its maximum near ǫ F = 0, and reduces at finite Fermi energies, whereas for the Floquet type-II WSM at low temperatures [ Fig. 4(b) ], the maximum value of the anomalous Hall conductivity occurs at a Fermi energy ǫ F = −1 eV due to the imbalance between the electron and hole pockets. Note that, the Hall conductivity of the type-I Floquet WSM is asymmetric with respect to the Fermi energy, which is attributed to the weak tilt of the energy dispersion. Because of the anisotropy of the band structure caused by the strong tilt in the energy dispersion, σ AHE zy in the Floquet type-II WSM is highly asymmetric with respect to the Fermi energy.
We plot the anomalous Hall conductivities of the Floquet type-I and type-II WSMs as a function of the temperature T with different Fermi energies in Figs. 4(c) and 4(d). When the Fermi energy is located at the Weyl nodes, i.e., ǫ F = 0, the Hall conductivity σ AHE zy for the Floquet type-I WSM decreases with increasing temperature, however, it increases as temperature increases for the Floquet type-II WSM. When the Fermi energy is located below the energy of Weyl nodes, ǫ F = −0.5 eV for the type-I Floquet WSM and ǫ F = −1 eV for the type-II Floquet WSM, σ AHE zy decreases as the temperature increases. When the Fermi energy is located above the energy of Weyl nodes ǫ F = 0.5 eV, σ AHE zy increases as the temperature increases for both type-I and type-II Floquet WSMs. It is necessary to point out that the results are obtained in the low-temperature regime, and we ignore the high-temperature case where σ AHE zy finally decreases to zero.
V. CONCLUSION
In this paper, we identify a different type of LNSM, a hybrid LNSM, and investigate the effect of off-resonant circularly polarized light on type-II and hybrid LNSMs within the framework of Floquet theory. We show that both of them can support photoinduced Floquet WSM phases. Remarkably, we can manipulate distinct types of WSM states by tuning the incident angle and amplitude of light. Type-II and hybrid LNSMs, along with type-I LNSMs, provide highly controllable platforms for creating WSM states. We also study the anomalous Hall effect of driven LNSMs, which can be used to characterize different types of photoinduced LNSM-WSM transitions.
In comparison with other proposals for realizing artificial WSM phases, such as a magnetically doped topological insulator multilayer 89 , driving LNSMs with circularly polarized light is a promising alternative way to realize distinct types of WSM phases without fine tuning, and it does not introduce disorder. The Floquet WSM states in periodically driven LNSMs are ready to be realized, considering the Floquet-Bloch states have been successfully observed on the surface of the topological insulator Bi 2 Se 3 by the use of time-and angle-resolved photoemission spectroscopy 51, 52 . The anomalous Hall effect associated with Floquet WSMs can be detected by transport measurements.
